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Abstract
We develop a matricial version of Rieffel’s Gromov–Hausdorff distance for compact
quantum metric spaces within the setting of operator systems and unital C-algebras. Our
approach yields a metric space of ‘‘isometric’’ unital complete order isomorphism classes of
metrized operator systems which in many cases exhibits the same convergence properties as
those in the quantum metric setting, as for example in Rieffel’s approximation of the sphere by
matrix algebras using Berezin quantization. Within the metric subspace of metrized unital C-
algebras we establish the convergence of sequences which are Cauchy with respect to a larger
Leibniz distance, and we also prove an analogue of the precompactness theorems of Gromov
and Rieffel.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
A compact quantum metric space, as deﬁned by Marc Rieffel in [10], is an order-
unit space equipped with a certain type of semi-norm, called a Lip-norm, which plays
the role of a Lipschitz semi-norm on functions over a compact metric space. The
crucial part of the deﬁnition of a Lip-norm L on an order-unit space A is the
requirement that the metric
rLðm; nÞ ¼ supfjmðaÞ  nðaÞj : aAA and LðaÞp1g
on the state space of A give rise to the weak topology. By applying Hausdorff
distance to state spaces, Rieffel deﬁnes a quantum analogue of Gromov–Hausdorff
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‘‘isometric’’ order isomorphism classes of compact quantum metric spaces for which
a Gromov-type precompactness theorem holds [10]. The most immediate motivation
for introducing a theory of quantum Gromov–Hausdorff distance is the search for
an analytic framework for describing, or at least clarifying at a metric level, the type
of convergence of spaces that has recently begun to play an important role in string
theory (see the introduction to [10] for a discussion and references). The main objects
of study thus tend to be C-algebras, and so it is natural to ask, as does Rieffel in
[10], if it is possible to develop a matricial version of quantum Gromov–Hausdorff
distance. This is the goal of the present paper.
The key is to deﬁne metrics on matrix state spaces using a Lip-norm just as one
does for an order-unit state space as above, only now replacing the modulus by
matrix norms. We introduce this deﬁnition within a general operator system setting
in Section 2. We then deﬁne ‘‘complete’’ distance (Section 3) by using Hausdorff
distance at the matrix state space level in the same way that Rieffel does with regard
to order-unit state spaces in the formulation of quantum Gromov–Hausdorff
distance. In fact many of the constructions and arguments involving quantum
Gromov–Hausdorff distance in [10,11] are naturally suited to our matricial setting
and lead to similar estimates, as for instance in the proof of the triangle inequality
(Proposition 3.4) and the approximation of the sphere by matrix algebras via Berezin
quantization (Example 3.13). On the other hand a completely different approach is
required to show that complete distance zero implies ‘‘isometric’’ unital complete
order isomorphism (the subject of Section 4), and the proofs of the convergence
of sequences of metrized unital C-algebras which are Cauchy with respect to
‘‘f -Leibniz complete distance’’ (Section 5) and our analogue of the Gromov and
Rieffel precompactness theorems (Section 6) ultimately rely on some arguments
especially attuned to the complete order context.
2. Lip-normed operator systems and matrix state space metrization
We begin by describing our operator system framework. For references see
[3,7,16]. A (concrete) operator system is a closed unital self-adjoint linear subspace of
a unital C-algebra (for an abstract deﬁnition see [3]). Given an operator system X ;
for each r40 we will denote by BXr the closed norm ball fxAX : jjxjjprg of radius r:
The state space of X will be denoted by SðX Þ: We will denote by Xsa the set of self-
adjoint elements of X : The unit of X will be written 1, or sometimes 1X for clarity.
For xAX we write ReðxÞ and ImðxÞ to refer to the self-adjoint elements ðx þ xÞ=2
and ðx  xÞ=ð2iÞ (the real and imaginary parts of x), respectively.
The C-algebra of n 
 n matrices over C will be written Mn: Given operator
systems X and Y we say that a linear map j : X-Y is n-positive if the map
idn#j : Mn#X-Mn#Y is positive, and if idn#j is n-positive for all nAN then we
say that j is completely positive. A completely positive (resp. unital completely
positive) linear map will be referred to as a c.p. (resp. u.c.p.) map. If j : X-Y is a
unital m-positive map with m-positive inverse for m ¼ 1;y; n then j is a unital
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n-order isomorphism, and if j is u.c.p. with c.p. inverse then j is a unital complete
order isomorphism.
An operator system X is nuclear if the identity map on X lies in the point-norm
closure of the set of u.c.p. maps from X to itself which factor through matrix
algebras.
Given an operator system X and nAN; there is a bijective linear map from c.p.
maps X-Mn to positive linear functionals on Mn#X [7, Theorem 5.1] deﬁned as
follows. To each c.p. map j : X-Mn we associate the positive linear functional sj






for all ðxijÞAMnðX ÞDMn#X : Conversely, to each positive linear functional s on
Mn#X we associate the c.p. map js : X-Mn given by
ðjsðxÞÞij ¼ nsðeij#xÞ
for all xAX ; where feij : 1pi; jpng is the set of standard matrix units of Mn: The
maps j/sj and s/js are mutual inverses and are homeomorphisms with respect
to the point-norm topologies (for the space of positive linear functionals this is the
weak topology) as well as with respect to the norm topologies. If j : X-Mn is
u.c.p. then sj is a state on Mn#X : However, if sASðMn#XÞ then js need not be
unital, nor even contractive, although it is clear that jjjsjjpn3 (see the discussion
after Theorem 5.4 in [7]). We denote by SCPnðXÞ the collection of c.p. maps
j : X-Mn such that sj is a state on Mn#X ; and by UCPnðXÞ the subcollection of
SCPnðXÞ consisting of all u.c.p. maps from X into Mn (the matrix state spaces).
We now introduce metrics into our picture via the notion of a Lip-norm, which we
recall from [10].
Deﬁnition 2.1 (Rieffel [10, Deﬁnitions 2.1 and 2.2]). Let A be an order-unit space.
A Lip-norm on A is a semi-norm L on A such that
(1) for all aAA we have LðaÞ ¼ 0 if and only if a is a scalar multiple of the order
unit, and
(2) the metric rL deﬁned on the state space SðAÞ by
rLðm; nÞ ¼ supfjmðaÞ  nðaÞj : aAA and LðaÞp1g
induces the weak topology.
A pair ðA; LÞ consisting of an order-unit space A with Lip-norm L is called a compact
quantum metric space.
Important examples of order-unit spaces are real linear unital subspaces of self-
adjoint elements in an operator system, and in fact every order-unit space is
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isomorphic to one of these, as shown in Appendix 2 of [10]. We can thus apply the
above deﬁnition in a direct way to our setting. First we introduce some general
notation.
Notation 2.2. Let X be an operator system and L a semi-norm on a linear subspace
of X or a real linear subspace of Xsa: We denote by DðLÞ the domain of L; or, if L is
permitted to take the value þN; the set of elements in the domain of L on which L is
ﬁnite-valued. For r40 we denote by DrðLÞ the set fxADðLÞ :LðxÞprg:
Deﬁnition 2.3. By a Lip-normed operator system we mean a pair ðX ; LÞ where X is an
operator system and L is a Lip-norm on a dense order-unit subspace of Xsa such that
D1ðLÞ is closed in Xsa: If X is a unital C-algebra then we will also refer to ðX ; LÞ as a
Lip-normed unital C-algebra. Any qualiﬁers preceding ‘‘Lip-normed’’ will refer to
the Lip-norm while those following it will refer to the operator system or C-algebra
(e.g., lower semicontinuous Lip-normed nuclear operator system).
A Lip-norm L on an order-unit space A is said to be closed if the set
faAA : LðaÞp1g is closed in the completion of A [12, Deﬁnition 4.5]. Thus the
requirement in Deﬁnition 2.3 that D1ðLÞ be closed in Xsa is equivalent to asking that
L be a closed Lip-norm. Given any Lip-norm L on an order-unit space A there is a
largest lower semicontinuous Lip-norm Ls smaller than L [12, Theorem 4.2], and Ls
extends to a closed Lip-norm Lc [12, Proposition 4.4]. The theorem and proposition
from [12] cited in the last sentence also show that rLc ¼ rLs ¼ rL: Furthermore, the
property of being closed passes to order-unit quotients by Rieffel [10, Proposition
3.3], and it also holds in natural examples of interest—see for instance Example 2.6
and [12, Proposition 3.6]. Thus, in view of the completeness of operator systems, it is
natural to assume that our Lip-norms are closed. This will also guarantee that
complete distance zero is equivalent to the existence of a unital complete order
isomorphism which is bi-Lip-isometric in the obvious sense:
Deﬁnition 2.4. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems. We will
say that a positive unital map F :X-Y is Lip-isometric if FðDðLX ÞÞCDðLY Þ and
LY ðFðxÞÞ ¼ LX ðxÞ for all xADðLX Þ: If F has a positive inverse then we say that F is
bi-Lip-isometric if both F and F1 are Lip-isometric.
If we were to deﬁne a strict operator system analogue of a Lip-norm then the
conditions on the semi-norm L in the following proposition would seem to be the
most reasonable. Indeed many examples arise naturally in this way, as Example 2.6
illustrates.
Proposition 2.5. Let L be a semi-norm on an operator system X, permitted to take the
value þN; such that DðLÞ is dense in X ; D1ðLÞ is closed in Xsa; and
(i) LðxÞ ¼ LðxÞ for all xAX (adjoint invariance),
(ii) for all xAX we have LðxÞ ¼ 0 if and only if xAC1; and
ARTICLE IN PRESS
D. Kerr / Journal of Functional Analysis 205 (2003) 132–167 135
(iii) the metric dLðs;oÞ ¼ supxAD1ðLÞ jsðxÞ  oðxÞj on SðX Þ induces the weak
topology.
Then the restriction L0 of L to the order-unit space DðLÞ-Xsa is a
Lip-norm, ðX ; L0Þ is a Lip-normed operator system, and the restriction map from
SðX Þ onto SðDðL0ÞÞ is a weak homeomorphism which is isometric for dL
and rL0 :
Proof. First note that the fact that DðLÞ is closed in X immediately implies that
DðL0Þ is closed in Xsa: Next, if xAXsa and e40 then by the density of DðLÞ we can
ﬁnd a yADðLÞ with jjx  yjjoe: Then
jjx ReðyÞjjpjjx  yjj=2þ jjðx  yÞjj=2oe
while L0ðReðyÞÞ ¼ ðLðyÞ þ LðyÞÞ=2 ¼ LðyÞoþN; and so DðL0Þ is dense in Xsa:
With this fact it is straightforward to show that the restriction map from SðX Þ onto
SðDðL0ÞÞ is a weak homeomorphism. To see that this map is isometric, suppose
s;oASðXÞ and e40: Then we can ﬁnd an xAD1ðLÞ such that jsðxÞ 
oðxÞjXdLðs;oÞ  e; and so for some complex number m of unit modulus we have
sðmxÞ  oðmxÞXdLðs;oÞ  e: Since
L0ðReðmxÞÞpðLðmxÞ þ Lð %mxÞÞ=2 ¼ ðLðxÞ þ LðxÞÞ=2 ¼ LðxÞp1;
we then have
rL0 ðsjDðL0Þ;ojDðL0ÞÞX sðReðmxÞÞ  oðReðmxÞÞ
X dLðs;oÞ  e;
from which we infer that the map in question is indeed an isometric weak
homeomorphism. Since condition (ii) in the proposition statement immediately
implies condition (1) in Deﬁnition 2.1 for L0; it thus follows that L0 is a Lip-norm,
and so ðX ; L0Þ is a Lip-normed operator system in view of the density of DðL0Þ
in Xsa: &
In the converse direction, given a Lip-normed operator system ðX ; L0Þ we can
extend L0 to a semi-norm L on X such that the conditions and conclusions in the
statement of Proposition 2.5 hold. Deﬁnition 4.2 and Proposition 4.3 indicate how
this can be done.
Example 2.6 (Ergodic actions of compact groups). As studied in [13], ergodic
actions of compact groups give rise to important examples of Lip-normed unital C-
algebras, notably noncommutative tori (see Example 6.8). Let g be an ergodic action
of a compact group G on a unital C-algebra A: Let e be the identity element of G:
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We suppose that G is equipped with a length function c; that is, a continuous
function c :G-RX0 such that, for all g; hAG;
(1) cðghÞpcðgÞ þ cðhÞ;
(2) cðg1Þ ¼ cðgÞ; and
(3) cðgÞ ¼ 0 if and only if gae:






It is easily seen that L is adjoint-invariant and that LðaÞ ¼ 0 if and only if aAC1:
Furthermore, by Rieffel [13, Theorem 2.3] the metric dLðs;oÞ ¼ supxAD1ðLÞjsðxÞ 
oðxÞj on SðAÞ induces the weak topology, by Rieffel [13, Proposition 2.2] DðLÞ is
dense in X ; and it is readily veriﬁed that D1ðLÞ is closed in A (see [10, Proposition
8.1]), so that by Proposition 2.5 we obtain a Lip-normed unital C-algebra by
restricting L to DðLÞ-Asa:
Example 2.7 (Quotients). Let ðX ; LÞ be a Lip-normed operator system, Y an
operator system, and F : X-Y a unital positive linear map such that FðDðLÞÞ is
dense in Ysa (which is automatic if F is surjective). Then by Rieffel [10, Proposition
3.1] L gives rise to a Lip-norm LY on FðDðLÞÞ via the prescription
LY ðyÞ ¼ inffLðxÞ : xADðLÞ and FðxÞ ¼ yg
for each yAY ; and the induced map from ðSðYÞ; rLY Þ to ðSðXÞ; rLÞ is an isometry.
Since LY is closed by Rieffel [10, Proposition 3.3], ðY ; LY Þ is a Lip-normed operator
system. We say that L induces LY via F:
The following deﬁnition captures the observation that Lip-norms deﬁne metrics
on matrix state spaces in much the same way as they do on state spaces. We will
thereby be able to deﬁne a matrix version of quantum Gromov–Hausdorff distance
by applying Hausdorff distance to the matrix state spaces (Deﬁnition 3.2).
Deﬁnition 2.8. Let ðX ; LÞ be a Lip-normed operator system and nAN: We deﬁne the




for all j;cAUCPnðX Þ;
Note that rL;n is indeed a metric since it clearly satisﬁes the triangle inequality and
is symmetric, and it is nonzero at any pair of distinct points owing to the density of
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DðLÞ in Xsa: That rL;n is ﬁnite follows from the norm compactness ofD1ðLÞ-BXr for
any r40 (a consequence of [10, Theorem 4.5] by scaling) along with Proposition 2.11
below.
Proposition 2.9. The diameters of UCPnðXÞ relative to the respective metrics rL;n are
finite and coincide for all nAN:
Proof. The restriction map from SðX Þ onto SðDðLÞÞ is evidently a weak
homeomorphism which is isometric with respect to rL;1 and rL (Deﬁnition 2.1),
and so the diameter of SðXÞ with respect to rL;1 is ﬁnite by Rieffel [10, Theorem 4.5].
Now given nAN; j;cAUCPnðX Þ; and xAXsa we can ﬁnd a state s on Mn such that
jðs3jÞðxÞ  ðs3cÞðxÞj ¼ jjjðxÞ  cðxÞjj:
It follows that the diameter of UCPnðX Þ is bounded above by that of SðX Þ ¼
UCP1ðXÞ: On the other hand SðXÞ embeds into UCPnðXÞ via the map which takes
sASðXÞ to x/sðxÞ1Mn ; from which we see that the diameter of UCPnðXÞ is at least
that of SðXÞ; so that the two are equal. &
Deﬁnition 2.10. Given a Lip-normed operator system ðX ; LÞ we deﬁne its diameter
diamðX ; LÞ to be the common value of the diameters of UCPnðXÞ with respect to rL;n
for nAN:
The next proposition, in addition to showing the ﬁniteness of the metrics rL;n (see
the paragraph following Deﬁnition 2.8), will also be of use in Sections 3 and 6 since it
will enable us to streamline the statement and veriﬁcation of conditions involving
local approximation of elements of bounded Lip-norm.
Proposition 2.11. Let ðX ; LÞ be a Lip-normed operator system. Let xADðLÞ and let
r be any number in its spectrum. Then jjx  r1jjpLðxÞ diamðX ; LÞ:
Proof. We can ﬁnd s;oASðXÞ such that sðx  r1Þ ¼ jjx  r1jj and oðxÞ ¼ r;
whence
jjx  r1jj ¼ jsðx  r1Þ  oðx  r1Þj
¼ jsðxÞ  oðxÞj
pLðxÞ diamðX ; LÞ: &
Since one of the requirements for a Lip-norm is that the associated metric on the
state space give rise to the weak topology, one would hope that the associated
metrics on the matrix state spaces give rise to the respective point-norm topologies.
The following result shows that this is indeed the case.
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Proposition 2.12. The metric rL;n gives rise to the point-norm topology on UCPnðX Þ:
Proof. Let
Uj;O;e ¼ fcAUCPnðX Þ : jjjðxÞ  cðxÞjjoe for all xAOg
be a basic open set in the point-norm topology, with jAUCPnðXÞ; e40; and O a
ﬁnite subset of A: For each xAO pick yx;1; yx;2ADðLÞ with jjyx;1 ReðxÞjjoe=6 and
jjyx;2  ImðxÞjjoe=6; and choose M40 so that MXmaxxAO;j¼1;2 Lðyx;jÞ: Now if
cAUCPnðXÞ and rL;nðj;cÞoð6MÞ1e then jjjðyx;jÞ  cðyx;jÞjjoe=6 for all xAO
and j ¼ 1; 2; and hence
jjjðReðxÞÞ  cðReðxÞÞjjp jjjðReðxÞÞ  jðyx;1Þjj þ jjjðyx;1Þ  cðyx;1Þjj
þ jjcðyx;1Þ  cðReðxÞÞjj
o e=2
and similarly jjjðImðxÞÞ  cðImðxÞÞjjoe=2; so that jjjðxÞ  cðxÞjjoe: Thus Uj;O;e
contains the open rL;n-ball centred at j with radius ð6MÞ1e; from which it follows
that the metric topology is ﬁner than the point-norm topology.
Suppose now thatBðj; eÞ is the rL;n-ball centred at some jAUCPnðXÞ with radius
some e40: Note that D1ðLÞ-BXdiamðSðXÞÞ is compact, since D1ðLÞ is closed by the
deﬁnition of a Lip-normed operator system and by Rieffel [10, Theorem 4.5]
D1ðLÞ-BX1 is totally bounded, which implies the total boundedness of
D1ðLÞ-BXdiamðSðX ÞÞ via a scaling argument. Hence we can ﬁnd a ﬁnite set
OCD1ðLÞ-BXdiamðSðX ÞÞ which is ðe=3Þ-dense in D1ðLÞ-BXdiamðSðX ÞÞ: Thus if
cAUCPnðXÞ and jjjðxÞ  cðxÞjjoe=3 for all xAO then jjjðxÞ  cðxÞjjoe for all
xAD1ðLÞ-BXdiamðSðXÞÞ; and so Bðj; eÞ contains the point-norm basic open set
fcAUCPnðX Þ : jjjðxÞ  cðxÞjjoe=3 for all xAOg:
We conclude that the metric and point-norm topologies coincide on UCPnðX Þ: &
We round out this section by showing that matrix state spaces embed isometrically
under quotient maps, as do state spaces in the quantum metric setting. This will be
crucial for the application of Hausdorff distance in formulating our matrix version
of quantum Gromov–Hausdorff distance.
Proposition 2.13. Let ðX ; LÞ be a Lip-normed operator system, Y an operator system,
nAN; F : X-Y a unital n-positive map with FðDðLÞÞ dense in Ysa; and LY the
quotient Lip-norm on Y induced by L via F: Then the map G : UCPnðY Þ-UCPnðXÞ
given by GðjÞ ¼ j3F is an isometry with respect to rL;n and rLY ;n:
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Proof. Suppose F is n-positive and let j;cAUCPnðY Þ: Since F is Lip-norm-
decreasing, we have rLY ;nðj;cÞXrL;nðj3F;c3FÞ: For the reverse inequality, let e40
and choose yAD1ðLY Þ such that
rLY ;nðj;cÞojjjðyÞ  cðyÞjj þ e:
We may assume LðyÞo1 for otherwise we can replace y with my for some mo1
sufﬁciently close to 1. Then by deﬁnition of the quotient Lip-norm there is an
xAD1ðLÞ such that FðxÞ ¼ y; and so
rLY ;nðj;cÞo jjðj3FÞðxÞ  ðc3FÞðxÞjj þ e
p rL;nðj3F;c3FÞ þ e:
Since e was arbitrary, we conclude that rLY ;nðj;cÞ ¼ rL;nðj3F;c3FÞ; so that G is an
isometry with respect to rLY ;n and rL;n: &
3. n-distance and complete distance
The deﬁnition of quantum Gromov–Hausdorff distance [10] involves forming a
direct sum and considering Lip-norms thereupon which induce the given Lip-norms
on the summands. One then takes an inﬁmum of the Hausdorff distances between
the state spaces under their isometric embeddings into the state space of the
direct sum. We will apply the same procedure here with regard to the matrix state
spaces.
Notation 3.1. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems. We denote
byMðLX ; LY Þ the collection of closed Lip-norms on DðLX Þ"DðLY Þ which induce
LX and LY via the quotient maps onto DðLX Þ and DðLY Þ; respectively.
Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems and LAMðLX ; LY Þ:
Since the projection map X"Y-X is u.c.p., by Proposition 2.13 we obtain
an isometry UCPnðX Þ-UCPnðX"Y Þ with respect to rLX and rL: Similarly, we
also have an isometry UCPnðYÞ-UCPnðX"YÞ: For notational simplicity we will
thus identify UCPnðXÞ and UCPnðY Þ with their respective images under these
isometries.
Deﬁnition 3.2. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems. For each
nAN we deﬁne the n-distance
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where dist
rL;n
H denotes Hausdorff distance with respect to the metric rL;n: We also
deﬁne the complete distance







The reason for deﬁning the complete distance as above and not by taking the
supremum over the n-distances is the desire for a closer conceptual and technical
afﬁnity with Rieffel’s quantum Gromov–Hausdorff distance, whereby a single
distance quantity (in our case a supremum of Gromov–Hausdorff distances) is
gauged for each LAMðLX ; LY Þ and then an inﬁmum taken. Note that
distsðX ; YÞX sup
nAN
distns ðX ; Y Þ
and in particular that zero complete distance implies zero n-distance for all nAN:
Lemma 3.3. If ðX ; LX Þ and ðY ; LY Þ are Lip-normed operator systems and m4nX1;
then distns ðX ; Y Þpdistms ðX ; Y Þ:
Proof. Let LAMðLX ; LY Þ and jAUCPnðXÞ: Let o be any state on X ; and deﬁne
j0AUCPmðX Þ by setting j0ðxÞ ¼ jðxÞ þ oðxÞp for all xAX ; where Mn has been
identiﬁed with the upper left-hand corner of Mm and p is the unit for the lower right
ðm  nÞ 
 ðm  nÞ corner. Choose c0AUCPmðYÞ with rL;mðj0;c0Þpdistms ðX ; YÞ: If c
is the cut-down of c0 to the upper-left hand n 
 n corner of Mm; then viewing it as an




H ðUCPnðX Þ; UCPnðYÞÞpdist
rL;m
H ðUCPmðX Þ; UCPmðYÞÞ; and so we
conclude that distns ðX ; Y Þpdistms ðX ; Y Þ: &
The inequality distns ðX ; Y Þpdistms ðX ; Y Þ in Lemma 3.3 can be strict. For instance,
consider any Lip-normed separable unital C-algebra ðA; LÞ such that A is not -
isomorphic to its opposite algebra Aop (see [8] for examples of such C-algebras, and
note that by Proposition 1.1 of [9] we can always Lip-norm a separable unital C-
algebra). Then we obtain another Lip-normed unital C-algebra ðAop; LÞ using the
canonical isomorphism between A and Aop as order-unit spaces, and dist1s ðA; AopÞ ¼
0 by Theorem 12.11 of [10]. On the other hand, since A and Aop are not -isomorphic
we have dist2s ðA; AopÞa0 by Corollary 4.11(ii) in the next section.
Proposition 3.4 (Triangle inequality). If ðX ; LX Þ; ðY ; LY Þ; and ðZ; LZÞ are
Lip-normed operator systems then
distns ðX ; ZÞpdistns ðX ; Y Þ þ distns ðY ; ZÞ;
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for all nAN; and
distsðX ; ZÞpdistsðX ; Y Þ þ distsðY ; ZÞ:
Proof. This follows by exactly the same argument used for quantum Gromov–
Hausdorff distance in [10], since in the last part of the proof of [10, Theorem 4.3]
we can replace the state spaces by matrix state spaces and the reference to
[10, Proposition 3.1] by a reference to our Proposition 2.13. &
In order to build a general framework for estimating distance between quantum
metric spaces, Rieffel formulates in [10, Deﬁnition 5.1] the notion of a bridge, which
we now recall.
Deﬁnition 3.5. Let ðA; LAÞ and ðB; LBÞ be compact quantum metric spaces. A bridge
between ðA; LAÞ and ðB; LBÞ is a norm-continuous semi-norm N on A"B such that
(i) Nð1A; 1BÞ ¼ 0 while Nð1A; 0Þa0; and
(ii) for each aAA and d40 there exists a bAB such that
maxðLBðbÞ; Nða; bÞÞpLAðaÞ þ d;
with the same statement also holding upon interchanging A and B:
Theorem 5.2 in [10] then shows that if N is a bridge between the compact quantum
metric spaces ðA; LAÞ and ðB; LBÞ then
Lða; bÞ ¼ maxðLAðaÞ; LBðbÞ; Nða; bÞÞ
deﬁnes a Lip-norm L on A"B which induces LA and LB via the respective quotient
maps. Since N is norm-continuous, L will be closed if LA and LB are both closed.
If ðX ; LX Þ and ðY ; LY Þ are Lip-normed operator systems then by a bridge between
ðX ; LX Þ and ðY ; LY Þ we will mean a bridge between the compact quantum metric
spaces ðDðLX Þ; LX Þ and ðDðLY Þ; LY Þ: We begin by illustrating this notion with a
simple example which shows that if we scale a Lip-norm by a factor l and let l-N
then we obtain convergence to a ‘‘point,’’ just as for ordinary metric spaces.
Example 3.6. Let ðX ; LÞ be a Lip-normed operator system. For each l40 deﬁne the
Lip-normed operator system ðX ; LlÞ by setting Ll ¼ lL: Let ðC; PÞ be the ‘‘one-
point’’ Lip-normed operator system, with PðmÞ ¼ 0 for all mAC: Then
distsððX ; LÞ; ðC; PÞÞpCl1
where C ¼ diamðX ; LÞ: To show this we deﬁne a bridge on DðLX Þ"C by
Nlðx; mÞ ¼ C1ljjx  m1X jj:
To see that this is indeed a bridge we verify condition (ii) in Deﬁnition 3.5 by
observing that Nlðm1X ; mÞ ¼ 0 for all mAC while if xADðLX Þ then letting r denote
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the inﬁmum of the spectrum of x we have by Proposition 2.11
jjx  r1X jjpdiamðX ; LÞLX ðxÞ ¼ Cl1LlðxÞ:
Let Ml be the Lip-norm in MðLl; PÞ given by Mlðx; mÞ ¼ maxðLlðxÞ; PðmÞ;
Nlðx; mÞÞ: Let nAN and let c be the unique element in UCPnðCÞ: If jAUCPnðXÞ
and ðx; mÞAD1ðMÞ then
jjjðxÞ  cðmÞjj ¼ jjjðx  m1X Þjjpjjx  m1X jjpCl1;
yielding the desired complete distance estimate. Hence ðX ; LlÞ converges to ðC; PÞ as
l-N for complete distance.
As in the quantum metric setting [10, Proposition 5.4] we can apply the concept of
a bridge to show that the complete distance (and hence also the n-distance) is always
ﬁnite.
Proposition 3.7. If ðX ; LX Þ and ðY ; LY Þ are Lip-normed operator systems then
distsðX ; YÞpdiamðX ; LX Þ þ diamðY ; LY Þ:
Proof. As in the proof of [10, Proposition 5.4], for arbitrary g40; s0ASðXÞ; and
o0ASðYÞ we can construct a bridge
Nðx; yÞ ¼ g1 j s0ðxÞ  o0ðyÞj:
Let L be the Lip-norm in MðLX ; LY Þ given by Lðx; yÞ ¼ maxðLX ðxÞ; LY ðyÞ;
Nðx; yÞÞ: Then if ðx; yÞAD1ðLÞ; jAUCPnðXÞ; and cAUCPnðY Þ we can ﬁnd a
sASðMnÞ such that jjjðxÞ  cðyÞjj ¼ jðs3jÞðxÞ  ðs3cÞðxÞj whence
jjjðxÞ  cðyÞjjp jðs3jÞðxÞ  s0ðxÞj þ js0ðxÞ  o0ðyÞj þ jo0ðyÞ  ðs3cÞðyÞj
p rLX ;1ðs3j; s0Þ þ gþ rLY ;1ðo0; s3cÞ:
Since g was arbitrary the proposition follows. &
Propositions 3.8 and 3.9 yield estimates on the complete distance in situations
involving bridges constructed via the norm.
Proposition 3.8. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems, and
suppose X and Y are operator subsystems of an operator system Z: Let e40 and
suppose that Nðx; yÞ ¼ e1jjx  yjj defines a bridge between ðX ; LX Þ and ðY ; LY Þ:
Then distsðX ; YÞpe:
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Proof. Let L be the Lip-norm in MðLX ; LY Þ given by
Lðx; yÞ ¼ maxðLX ðxÞ; LY ðyÞ; e1jjx  yjjÞ
for all ðx; yÞADðLX Þ"DðLY Þ: Let nAN and jAUCPnðX Þ: By Arveson’s extension
theorem we can extend j to a u.c.p. map *j : Z-Mn: Then if ðx; yÞAD1ðLÞ we have
jjjðxÞ  *jðyÞjjpjjx  yjjoe
and thus rL;nðj; *jjY Þoe: We can interchange the roles of X and Y and apply the
same argument to conclude that distsðX ; Y Þpe: &
Proposition 3.9. Let ðX ; LX Þ be a Lip-normed operator system, Y an operator system,
F :X-Y a surjective unital positive map, and LY the quotient Lip-norm induced by
LX via F: Let Z be an operator system containing X as an operator subsystem and let
G : Y-Z be a unital map such that jjðG3FÞðxÞ  xjjpe for all xAD1ðLÞ: If F and G
are n-positive then distns ðX ; Y Þpe; and if F and G are completely positive then
distsðX ; YÞpe:
Proof. Given Z40 we deﬁne the bridge N between ðX ; LÞ and ðY ; LY Þ by Nðx; yÞ ¼
Z1jjFðxÞ  yjj for all ðx; yÞAX"Y (to verify condition (ii) of Deﬁnition 3.5, given
xAX and d40 we can choose y ¼ FðxÞ; while if yAY and d40 we can take any
xAX such that FðxÞ ¼ y and LX ðxÞpLY ðyÞ þ d). Let L be the Lip-norm in
MðLX ; LY Þ given by
Lðx; yÞ ¼ maxðLX ðxÞ; LY ðyÞ; Nðx; yÞÞ
for all ðx; yÞAX"Y : Suppose that F is n-positive. Then if jAUCPnðYÞ we have
j3FAUCPnðXÞ; and so if Lðx; yÞp1 then jjFðxÞ  yjjpZ so that jjðj3FÞðxÞ 
jðyÞjjpZ; whence rL;nðj3F;jÞpZ: On the other hand if jAUCPnðXÞ then,
extending j to a u.c.p. map *j : Z-Mn by Arveson’s extension theorem, we have
*j3GAUCPnðYÞ; and so if Lðx; yÞp1 then
jjjðxÞ  ð *j3GÞðyÞjjp jj *jðx  ðG3FÞðxÞÞjj þ jjð *j3GÞðFðxÞ  yÞjj
p eþ Z;
yielding rL;nðj; *j3GÞpeþ Z: Since Z was arbitrary we conclude that distns ðX ; YÞpe:
In the case that F is completely positive we can apply the above argument over all
nAN to obtain distsðX ; YÞpe: &
The following three propositions guarantee approximability by Lip-normed well-
behaved ﬁnite-dimensional operator systems under conditions on the given operator
system or C-algebra which hold in a wide range of situations.
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Proposition 3.10. Let ðX ; LX Þ be a Lip-normed nuclear operator system. Then for
every e40 there is a Lip-normed operator system ðY ; LY Þ such that Y is an operator
subsystem of a matrix algebra and distsðX ; YÞpe:
Proof. Let e40: Proposition 2.11 implies that
D1ðLX Þ ¼ ðD1ðLX Þ-BXdiamðX ; LX ÞÞ þ R1;
and thus, since X is nuclear and the set D1ðLX Þ-BXdiamðX ;LX Þ is compact (see the
second half of the proof of Proposition 2.12), we can ﬁnd a matrix algebra Mk
and u.c.p. maps F : X-Mk and G : Mk-X such that jjðG3FÞðxÞ  xjjpe for
all xAD1ðLX Þ: Consider the image Y of F and the resulting quotient
Lip-norm LY on Y : Then by Proposition 3.9 we have distsðX ; Y Þpe; yielding the
result. &
By a proof similar to that of Proposition 3.10, we also have the following.
Proposition 3.11. Let ðA; LÞ be a Lip-normed unital exact C-algebra. Then for every
e40 there is a Lip-normed operator system ðY ; LY Þ such that Y is an operator
subsystem of a matrix algebra and distsðA; Y Þpe:
A separable C-algebra A is said to be a strong NF algebra if it is the inductive
limit of a generalized inductive system ðAn;fn;mÞ with each An a ﬁnite-dimensional
C-algebra and each fn;m a complete order embedding [1, Deﬁnition 5.2.1]
(a complete order embedding from a C-algebra B to a C-algebra A is a c.p.
isometry F : A-B such that F1 :FðAÞ-B is a c.p. map).
Proposition 3.12. Let ðA; LÞ be a Lip-normed unital strong NF algebra. Then for
every e40 there is a Lip-normed finite-dimensional C-algebra ðB; LBÞ such that
distsðA; BÞpe:
Proof. Since the set D1ðLÞ-BXdiamðA;LÞ is compact (see the second half of the proof of
Proposition 2.12) and A is strong NF, by Blackadar and Kirchberg [1, Theorem
6.1.1] and the fact that D1ðLX Þ ¼ ðD1ðLX Þ-BXdiamðX ;LX ÞÞ þ R1 (which follows from
Proposition 2.11) we can ﬁnd a ﬁnite-dimensional C-algebra B; a unital complete
order embedding G : B-A; and a (surjective) u.c.p. map F : A-B such that
F3G ¼ idB and jjðG3FÞðaÞ  ajjpe for all aAD1ðLÞ: Then L induces a Lip-norm LB
on B via F; and distsðA; BÞpe by Proposition 3.9. &
Proposition 3.12 applies for instance to noncommutative tori Lip-normed via the
ergodic action of ordinary tori, as described in Example 6.8. In this situation,
however, one would hope to be able to approximate by ﬁnite-dimensional C-
algebras Lip-normed via models of the original action, as in the following example.
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Example 3.13. In [11] Rieffel shows, in the context of Berezin quantization, that the
sphere S2 is a limit of matrix algebras with respect to quantum Gromov–Hausdorff
distance. In fact a more general statement applying to integral coadjoint orbits of a
compact Lie group is established. We will brieﬂy indicate how Rieffel’s approach
leads to precisely the same estimates for complete distance, adopting the same
notation as in [11], to which we refer the reader for more details.
Given a compact group G consider the C-algebra B of all bounded operators on a
Hilbert space on which G is irreducibly and unitarily represented. Given a rank-one
projection PAB we deﬁne for each TAB the Berezin covariant symbol sT with
respect to P by sTðxÞ ¼ tðTaxðPÞÞ where t is the unnormalized trace on B and a is
the action of G on B given by conjugation. Denoting by H the stability subgroup of
P for a; we thereby obtain a map s from B to A ¼ CðG=HÞ which is unital and
positive, and hence u.c.p. since the range is a commutative C-algebra. The action a
along with a length function c give rise to a Lip-norm LB on B as in Example 2.6,
and similarly the action of G on G=H by left translation combines with c to produce
a Lip-norm LA on A (permitting the value þN for convenience). Corollary 2.4 of
[11] shows that, for some g40; there is a bridge between ðA; LAÞ and ðB; LBÞ of
the form
Nð f ; TÞ ¼ g1jj f  sT jjN:
Proposition 1.3 of [11] then shows that SðAÞ is in the g-neighbourhood of SðBÞ under
the metric deﬁned by the Lip-norm L on A"B associated to N: But the argument
there also applies at the matrix level: given jAUCPnðAÞ we have j3sAUCPnðBÞ
since s is u.c.p., and if Lð f ; TÞp1 then jj f  sT jjNpg so that
jjjð f Þ  ðj3sÞðTÞjj ¼ jjjð f  sTÞjjpjj f  sT jjNpg;
showing that UCPnðAÞ lies in the g-neighbourhood of UCPnðBÞ with respect to the
metric rL;n: Now on the other hand if cAUCPnðBÞ then we can consider the adjoint
operator &s : A-B and take the composition c3 &s; which is in UCPnðAÞ since &s is
unital and positive and hence u.c.p. because its domain is a commutative C-algebra.
Then if Lð f ; TÞp1 we have jj f  sT jjNpg from which we obtain the estimate
jjðc3 &sÞð f Þ  cðTÞjj ¼ jjcð &sf  TÞjj
p jj &sf  T jj
p jj &sf  &sðsTÞjj þ jj &sðsTÞ  T jj
p jj f  sT jjN þ jj &sðsTÞ  T jj
p gþ jj &sðsTÞ  T jj
exactly as in the case n ¼ 1 in the discussion following [11, Corollary 2.4]. When G is
a compact Lie group Rieffel shows that, by replacing B with the C-algebra of
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bounded operators on the mth tensor power of the original Hilbert space, both
the bridge constant g and the term jj &sðsTÞ  T jj can be made arbitrarily small by
taking m sufﬁciently large (see Theorem 3.2 and Sections 3–5 of [11]), yielding
an asymptotically vanishing bound on the quantum Gromov–Hausdorff distance as
a result of the estimates in the two previous displays for the case n ¼ 1: But since
these estimates apply equally well for all n we get the same bounds for complete
distance.
4. Distance zero
This section is aimed at establishing that distns ðX ; YÞ ¼ 0 (resp. distsðX ; Y Þ ¼ 0) is
equivalent to the existence of a bi-Lip-isometric unital n-order isomorphism (resp. bi-
Lip-isometric unital complete order isomorphism) between X and Y (Theorem 4.10).
One direction is straightforward:
Proposition 4.1. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems. If there is
a bi-Lip-isometric unital n-order isomorphism between X and Y then distns ðX ; YÞ ¼ 0:
If there is a bi-Lip-isometric unital complete order isomorphism between X and Y then
distsðX ; YÞ ¼ 0:
Proof. This follows from Proposition 3.9, taking F there to be a bi-Lip-isometric
unital n-order isomorphism (resp. bi-Lip-isometric unital complete order isomorph-
ism) from X onto Y and taking G to be its inverse. &
For the converse, it will be convenient to extend our Lip-norms in an adjoint-
invariant way (Deﬁnition 4.2) and to introduce a collection of matrix semi-norms
(Deﬁnition 4.4).
Deﬁnition 4.2. Let ðX ; LÞ be a Lip-normed operator system. We deﬁne the semi-
norm Le on X by
LeðxÞ ¼ sup jsðxÞ  oðxÞj
rL;1ðs;oÞ
: s;oASðX Þ and sao
( )
for all xAX (permitting the value þN).
Proposition 4.3. The set of self-adjoint elements on which the semi-norm Le in
Definition 4.2 is finite coincides with the domain of L; and on this set Le ¼ L:
Proof. By Proposition 6.1 of [10], DðLÞ corresponds to the subspace of afﬁne
functions on SðDðLÞÞ which are Lipschitz for rL: This, along with the fact that the
restriction map from SðXÞ to SðDðLÞÞ is a weak homeomorphism which is
isometric for rL;1 and rL (see the proof of Proposition 2.5), implies the result. &
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Deﬁnition 4.4. Let ðX ; LÞ be a Lip-normed operator system and nAN: We deﬁne the




for all x ¼ ðxijÞAMnðX ÞDMn#X :
For the meaning of the notation DðÞ and DlðÞ; as will be applied to the semi-
norms Le and Ln; see Notation 2.2.
Lemma 4.5. Let ðX ; LÞ be a Lip-normed operator system. Then DðLeÞ is dense in X
and DðLnÞ is dense in Mn#X for all nAN:
Proof. Since Le is adjoint-invariant and coincides with L on the dense real subspace
DðLÞ of Xsa by Proposition 4.3, using the decomposition of elements into real and
imaginary parts we see that DðLeÞ is dense in X : As a direct consequence DðLnÞ is
dense in Mn#X for all nAN: &
Lemma 4.6. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems, and let
LAMðLX ; LY Þ and nAN: Set r ¼ distrL;nH ðUCPnðX Þ; UCPnðYÞÞ: Then for every
cASCPnðY Þ there is a jASCPnðX Þ such that, for all ðx; yÞADðLeÞ;
jjjðxÞ  cðyÞjjp2n3Leðx; yÞr:
Proof. To prove the lemma we may assume that cð1Þ has full support in Mn; for
otherwise for every kAN we can perturb c to a convex combination ð1 k1Þcþ
k1a where aðxÞ ¼ oðxÞ1Mn for some oASðY Þ and all xAX (in which case the
corresponding state sc on Mn#Y is perturbed to another state), ﬁnd a suitable jk
as in the lemma statement with respect to ck; and then take a point-norm limit point
of fjkgkAN to obtain the desired f: We can thus consider the map c0AUCPnðYÞ
given by
c0ðyÞ ¼ cð1Þ12cðyÞcð1Þ12:
for all yAY : By assumption we can ﬁnd a j0AUCPnðX Þ such that
rL;nðj0;c0Þpr:
Let j : Y-Mn be the c.p. map given by
jðxÞ ¼ cð1Þ12j0ðxÞcð1Þ12
for all xAX : Then jð1Þ ¼ cð1Þ; which implies that sj is a state on Mn#X ; so that
jASCPnðY Þ: Since sc is a state on Mn#Y we must have jjcð1Þjjpn3; and thus if
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ðx; yÞADðLeÞ then
jjjðxÞ  cðyÞjj ¼ jjcð1Þ12ðj0ðxÞ  c0ðyÞÞcð1Þ12jj
p jjcð1Þ12jj jjj0ðxÞ  c0ðyÞjj jjcð1Þ12jj
p n3ðjjj0ðReðxÞÞ  c0ðReðyÞÞjj þ jjj0ðIm ðxÞÞ  c0ðIm ðyÞÞjjÞ
p n3ðLðReðxÞ;ReðyÞÞ þ LðIm ðxÞ; Im ðyÞÞÞrL;nðj0;c0Þ
p 2n3Leðx; yÞrL;nðj0;c0Þ
p 2n3Leðx; yÞr
with the second last inequality following from the adjoint invariance of Le and the
fact that Le ¼ L on DðLÞ by Proposition 4.3. &
Deﬁnition 4.7. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems, and let
LAMðLX ; LY Þ and nAN: For each lX0; xADðLnX Þ; and yADðLnY Þ we set
NlLn;Y ðxÞ ¼ fzAMn#Y : ðx; zÞADlðLnÞg;
NlLn;X ðyÞ ¼ fzAMn#X : ðz; yÞADlðLnÞg:
Lemma 4.8. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems, and let
LAMðLX ; LY Þ and nAN: Set r ¼ distrL;nH ðUCPnðX Þ; UCPnðYÞÞ: If xADðLnX Þ and
l42LnX ðxÞ then
(i) NlLn;Y ðxÞ is nonempty and closed,
(ii) the norms of elements of NlLn;Y ðxÞ are bounded by 4ðjjxjj þ ln4rÞ; and if x and
yANlLn;Y ðxÞ are self-adjoint then the norm of y is bounded by jjxjj þ 2ln4r;
(iii) the norm diameter of NlLn;Y ðxÞ is bounded by 8ln4r;
(iv) if x0 is another element of DðLnX Þ and l is also strictly larger than LnX ðx0Þ then the
Hausdorff distance between NlLn;Y ðxÞ and NlLn;Y ðx0Þ is bounded by 8ln4r þ
4jjx  x0jj; and
(v) if xX0 then there is a (self-adjoint) yANlLn;Y ðxÞ with yX 2ln4r:
Statements (i)–(v) also hold for yADðLnY Þ and l42LnY ðyÞ if LX and NlLn;Y ðxÞ are
replaced by LY and N
l
Ln;X ðyÞ; respectively.
Proof. Since symmetry will take care of the last sentence of the proposition
statement, we prove (i)–(v) as written for xADðLnÞ and l42LnX ðxÞ: We begin with
(i). For 1pi; jpn we have maxðLX ðReðxijÞÞ; LX ðIm ðxijÞÞÞoLeðxijÞol=2: We can
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thus ﬁnd ðyijÞANl=2Ln;Y ðReððxijÞÞÞ and ðzijÞANl=2Ln;Y ðIm ððxijÞÞÞ since LX is the quotient
Lip-norm induced by L: Then
LnððxijÞ; ðyijÞ þ iðzijÞÞpLnððReððxijÞÞÞ; ðyijÞÞ þ LnððIm ððxijÞÞÞ; ðzijÞÞol
so that N
l=2
Ln;Y ðxÞ contains ðyijÞ þ iðzijÞ and is in particular nonempty. That this
set is also closed follows from the lower semicontinuity of Le; which is easily
checked.
For (ii), let y ¼ ðyijÞANlLn;Y ðxÞ and cASCPnðY Þ: By Lemma 4.6 there is a
jASCPnðXÞ such that jjjðzÞ  cðwÞjjp2n3Leðz; wÞr for all z; wADðLeÞ: We then
have























It follows that jscðyÞjp2ðjjxjj þ ln4rÞ; and so jscðReðyÞÞj and jscðIm ðyÞÞj are both
bounded by 2ðjjxjj þ ln4rÞ; from which we conclude that
jjyjjpjjReðyÞjj þ jjIm ðyÞjjp4ðjjxjj þ ln4rÞ:
If x and yANlLn;Y ðxÞ are self-adjoint then the above argument shows that the norm
of y is in fact bounded by jjxjj þ 2ln4r:
To establish (iii), suppose y; y0AMn#Y are such that ðx; yÞ; ðx; y0ÞADlðLeÞ:
Let cASCPnðY Þ: Arguing as in the proof of (ii), there exists by Lemma 4.6
a jASCPnðXÞ such that jjjðzÞ  cðwÞjjpn3Leðz; wÞr for all z; wADðLeÞ; so that
both jsjðxÞ  scðyÞj and jsjðxÞ  scðy0Þj are bounded by 2ln4r; whence
jscðy  y0Þjp4ln4r: It follows that jjy  y0jjp8ln4r; and so we obtain (iii).
For (iv), suppose yANlLn;Y ðxÞ and y0ANlLn;Y ðx0Þ: Then as in the proof of (ii) we
can ﬁnd a jASCPnðXÞ such that both jsjðxÞ  scðyÞj and jsjðx0Þ  scðy0Þj are
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bounded by 2ln4r; and the triangle inequality yields
jscðyÞ  scðy0Þjp 4ln4r þ jsjðxÞ  sjðx0Þj
p 4ln4r þ 2jjx  x0jj:
Hence jjy  y0jjp8ln4r þ 4jjx  x0jj; from which (iv) follows.
Finally, to prove (v) we suppose xX0: By part (i) there is a y ¼ ðyijÞANlLn;Y ðxÞ:













using the adjoint invariance of Le; and so ReðyÞ is a self-adjoint element of
NlLn;Y ðxÞ: Suppose now that y is an arbitrary self-adjoint element of NlLn;Y ðxÞ:
If cASCPnðY Þ then as in the proof of (ii) there is a jASCPnðXÞ such that
jsjðxÞ  scðyÞjp2ln4r; and thus since sjðxÞX0 and y is self-adjoint we infer that
sjðyÞX 2ln4r: Hence we conclude that yX 2ln4r: &
Proposition 4.9. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems, and
suppose distns ðX ; YÞ ¼ 0 for some nAN: Then there is a unital order isomorphism
F :Mn#X-Mn#Y ; and in the case n ¼ 1 we may arrange that DðLY Þ ¼ FðDðLX ÞÞ
and LY ðFðxÞÞ ¼ LX ðxÞ for all xADðLX Þ:
Proof. By assumption there is a sequence fLkgkAN of Lip-norms inMðLX ; LY Þ such
that limk-N rk ¼ 0 where rk ¼ distrLk ;nH ðUCPnðXÞ; UCPnðY ÞÞ: Let xADðLnX Þ and
l42LnX ðxÞ: Set s ¼ 4ðjjxjj þ 2ln4Þ: In view of Lemma 4.8(ii) we may assume (by
removing ﬁnitely many of the Lk’s and reindexing the sequence if necessary) that the
sets NlLn
k
;X ðxÞ for kX1 are all contained in DsðLnY Þ-BMn#Ys : This latter set is
compact, since it is closed by the lower semicontinuity of LnY and for any t40 the set
DtðLY Þ-BYt is compact (see the second half of the proof of Proposition 2.12), which
implies the compactness of the set DtðLeY Þ-BYt (use the decomposition of elements
into real and self-adjoint parts) and hence also the total boundedness of the subset
of MnðYÞDMn#Y of n 
 n matrices with entries in DtðLeY Þ-BYt : Since by Lemma
4.8(iii) the diameters of NlLn
k
;X ðxÞ converge to zero as k-N; this implies the
existence of a subsequence of fNlLn
k
;X ðxÞgkAN which converges in Hausdorff distance
to some singleton fFðxÞg: This singleton must in fact be the same for each
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whenever lpl0: Using a diagonal argument and relabeling indices we may assume
that, for all x in a countable dense subset D of DðLnX Þ; the sets NlLn
k
;X ðxÞ for
l42LnX ðxÞ converge in Hausdorff distance as k-N to some singleton fFðxÞg: Then
in fact for any xADðLnX Þ and l42LnX ðxÞ the relabelled sets NlLn
k
;X ðxÞ converge as
k-N to some singleton fFðxÞg; since for any e40 we can take an x0AD with
jjx  x0jjpe=16 and 2LnX ðx0Þol (since we may assume that D was chosen so that
D-DqðLnX Þ is dense in DqðLnX Þ for all positive rational numbers q) and a k0AN such
that, for all kXk0; NlLn
k
;X ðx0Þ is within Hausdorff distance e=2 of fFðx0Þg and
8ln4rkpe=2; from which it can be seen using Lemma 4.8(iv) that for all kXk0 the set
NlLn
k
;X ðxÞ lies inside the ball of radius e centred at Fðx0Þ:





;Y ðmx þ x0Þ*fmy þ y0 : yANlLn
k
;Y ðxÞ and y0ANlLn
k
;Y ðx0Þg:
Thus if l42 maxð jmjLnX ðxÞ; LnX ðx0ÞÞ the sequence of sets NlLn
k
;Y ðmx þ x0Þ; which we
know to converge after the relabelling of the previous paragraph, must converge to
fmFðxÞ þ Fðx0Þg as k-N: Also, for every xADðLnX Þ and l4LnX ðxÞ we have
yANlLn
k
;Y ðxÞ if and only if yANlLn
k
;Y ðxÞ; so that fFðxÞg is equal to the limit of
fy : yANlLn
k
;Y ðxÞg; which by the continuity of the involution must be fðFðxÞÞg:
Hence we have deﬁned a -linear map F :DðLnX Þ-Mn#Y : Note also that F is unital
since 1YANlLn
k
;Y ð1X Þ for all l40: We furthermore have by Lemma 4.8(ii) that the
norm of F is bounded by 4 on D; and thus, since D is dense inDðLnX Þ which in turn is
dense in Mn#X by Lemma 4.5, F extends uniquely to a bounded -linear map from
Mn#X to Mn#Y ; which we will again denote by F:
Now by another diagonal argument and index relabelling we may assume that
NlLn
k
;X ðyÞ converges in Hausdorff distance as k-N to a singleton fGðyÞg for all y in
a countable dense subset ofDðLnY Þ which contains FðDÞ: We thus obtain, as above, a
bounded unital -linear map G :DðLnY Þ-DðLnX Þ: We will show that F and G are
mutual inverses. Suppose xADðLÞ and l42 maxðLnX ðxÞ; LnY ðFðxÞÞÞ: For each kAN
choose x0kANlLn
k
;X ðFðxÞÞ and ykANlLn
k
;Y ðxÞ: Let e40 and jASCPnðYÞ: Pick k0AN
large enough so that, for all kXk0; 2ln4rkpe and jjyk  FðxÞjjpe: Then as in the
proof of Lemma 4.8(i) for any kXk0 we can ﬁnd a cASCPnðXÞ such that
jsjðxÞ  scðykÞjp2n4Leðx; ykÞrkp2n4lrkpe
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and similarly jsjðx0kÞ  scðFðxÞÞjpe; whence by the triangle inequality
jsjðxÞ  sjðx0kÞjp 2eþ jscðykÞ  scðFðxÞÞj
p 3e:
Therefore jjx  x0kjjp6e; and so we have limk-N x0k ¼ x: Hence









By a similar argument FðGðyÞÞ ¼ y for all yADðLnY Þ; and hence by continuity we
conclude that F and G are mutual inverses.
Next we show that F and G are positive. If xADðLnX Þ; xX0; and l42LnX ðxÞ; then
Lemma 4.8(v) yields, for all kAN; a ykANlLn
k
;Y ðxÞ with ykX 2ln4rk: Then y is the
limit as k-N of the positive elements yk þ 2ln4rk and hence y itself is positive. Thus
F is positive, and by a symmetric argument so is G: Hence F is a unital order
isomorphism.
It remains to show that if n ¼ 1 then F is isometric with respect to LX and LY ; that
is, DðLY Þ ¼ FðDðLX ÞÞ and LY ðFðxÞÞ ¼ LX ðxÞ for all xADðLX Þ: Let xADðLX Þ and
l4maxð1; 2LX ðxÞÞ: Suppose s; s0ASðY Þ; and let e40: Choose kAN large enough so
that we can ﬁnd o;o0ASðXÞ with lrLk ;1ðs;oÞpe and lrLk ;1ðs0;o0Þpe; as well as a
ykANlL1
k
;X ðxÞ with jjFðxÞ  ykjjpe: Then
jsðFðxÞÞ  oðxÞjp jsðFðxÞÞ  sðykÞj þ jsðykÞ  oðxÞj
p eþ lrLk ;1ðs;oÞ
p 2e
and similarly js0ðFðxÞÞ  o0ðxÞjp2e: Thus, since
rLY ;1ðo;o0ÞprLk ;1ðo; sÞ þ rLX ;1ðs; s0Þ þ rLk ;1ðs0;o0Þ
prLY ;1ðs; s0Þ þ 2e;
we have
jsðFðxÞÞ  s0ðFðxÞÞjp jsðFðxÞÞ  oðxÞj þ joðxÞ  o0ðxÞj þ jo0ðxÞ  s0ðFðxÞÞj
p 4eþ rLX ;1ðo;o0ÞLX ðxÞ
p 2eð2þ LX ðxÞÞ þ rLY ;1ðs; s0ÞLX ðxÞ:
Dividing by rLY ;1ðs; s0Þ and letting e-0þ; we conclude that LY ðFðxÞÞpLX ðxÞ: Since
the above argument also applies to G we must in fact have DðLY Þ ¼ FðDðLX ÞÞ and
LY ðFðxÞÞ ¼ LX ðxÞ for all xADðLX Þ: &
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Theorem 4.10. Let ðX ; LX Þ and ðY ; LY Þ be Lip-normed operator systems.
(i) If nAN then distns ðX ; YÞ ¼ 0 if and only if there is a bi-Lip-isometric unital
n-order isomorphism between X and Y :
(ii) We have distsðX ; YÞ ¼ 0 if and only if there is a bi-Lip-isometric unital complete
order isomorphism between X and Y :
Proof. Proposition 4.1 takes care of the ‘‘if’’ in each part, and so we need only worry
about the ‘‘only if’’ direction. Suppose distns ðX ; YÞ ¼ 0 for some nAN: Then by
Lemma 3.3 we have distms ðX ; YÞ ¼ 0 for each m ¼ 1;y; n: Applying the proof of
Proposition 4.9 successively for each m ¼ 1;y; n so that we can apply a diagonal
argument across these values of m; we can ﬁnd, for each m ¼ 1;y; n; a unital order
isomorphism Fm : Mm#X-Mm#Y such that, for each xAMm#X and
l42LmX ðxÞ; the singleton fFðxÞg is the limit of NlLm
k
;Y ðxÞ as k-N with respect to
Hausdorff distance for a sequence of Lip-norms LkAMðLA; LBÞ: By Proposition 4.9
we may also arrange that DðLY Þ ¼ FðDðLX ÞÞ and LY ðF1ðxÞÞ ¼ LX ðxÞ for all
xADðLX Þ: We will show that Fm ¼ idm#F1 for each m ¼ 2;y; n: Suppose then
that xADðLX Þ: For each kAN choose ykANlL1
k
;Y ðxÞ: If eij is a standard matrix unit
in Mm then L
m





;Y ðeij#xÞ must converge to the singleton containing
lim
k-N
eij#yk ¼ eij# lim
k-N
yk ¼ ðidm#F1Þðeij#xÞ;
whence Fmðeij#xÞ ¼ ðidm#F1Þðeij#xÞ: Since by Lemma 4.5 the span of elements
of the form eij#x with xADðLeX Þ is dense in Mm#X ; we conclude that Fm ¼
idm#F1; so that F1 is a bi-Lip-isometric n-order isomorphism. We thus obtain (i).
For (ii) we can use essentially the same proof (note that distsðX ; YÞ ¼ 0 implies
distns ðX ; YÞ ¼ 0 for all nAN), with the diagonal arguments now extended across
all nAN: &
Corollary 4.11. Let A and B be unital C-algebras with Lip-norms LA and LB;
respectively.
(i) We have dist1s ðA; BÞ ¼ 0 if and only if there is a bi-Lip-isometric unital order
isomorphism between A and B:
(ii) If nX2 then distns ðA; BÞ ¼ 0 if and only if there is a bi-Lip-isometric-isomorphism between A and B:
(iii) We have distsðA; BÞ ¼ 0 if and only if there is a bi-Lip-isometric -isomorphism
between A and B:
Proof. The corollary is an immediate consequence of Theorem 4.10 and the fact
that a unital 2-order isomorphism between A and B is automatically a -isomor-
phism [2]. &
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We remark that a unital order isomorphism between unital C-algebras need not
be a -isomorphism. For instance, a unital C-algebra A is always unitally order
isomorphic to its opposite algebra Aop; but these need not be -isomorphic, as the
examples in [8] demonstrate.
5. f -Leibniz complete distance and convergence
Let ðR; distsÞ be the metric space, under complete distance, of equivalence classes
of Lip-normed operator systems with respect to bi-Lip-isometric unital complete
order isomorphism. For economy we will simply refer to the elements of R as Lip-
normed operator systems. We have not been able to determine whether the metric
space ðR; distsÞ is complete (cf. Theorem 12.11 of [10]). However, we will establish in
this section a kind of relative completeness within the metric subspace of Lip-normed
unital C-algebras which asserts the convergence, with respect to complete distance,
of sequences which are Cauchy with respect to a larger distance (‘‘f -Leibniz complete
distance’’) the Lip-norms in whose deﬁnition are required to satisfy a type of weak
Leibniz property (‘‘f -Leibniz’’) which introduces some control with respect to
products. Let f :R4þ-Rþ be a continuous function. Given a Lip-normed unital C
-
algebra ðA; LÞ; the Lip-norm L is said to be f -Leibniz if it satisﬁes the f -Leibniz
property
maxðLðReðxyÞÞ; LðIm ðxyÞÞÞpf ðLðxÞ; LðyÞ; jjyjj; jjxjjÞ
for all x; yADðLÞ: If L is the restriction of an adjoint-invariant semi-norm L0 on
A which is ﬁnite on a dense -subalgebra and satisﬁes the usual Leibniz rule
L0ðxyÞpL0ðxÞjjyjj þ jjxjjL0ðyÞ
for all x; yADðLÞ; then L is f -Leibniz for the function f ða; b; c; dÞ ¼ ac þ bd and we
simply say that L is Leibniz. The Lip-normed unital C-algebras of Example 2.6 are
Leibniz, as are those obtained from Lipschitz semi-norms on functions over a
compact metric space. We denote by Ralg the subset of R consisting of Lip-normed
unital C-algebras, and for ðA; LAÞ and ðB; LBÞ in Ralg we deﬁne the f -Leibniz
complete distance dists;f ðA; BÞ in the same way that the complete distance is deﬁned
(Deﬁnition 3.2) except that the inﬁmum is now taken over the f -Leibniz Lip-norms
in MðLA; LBÞ (if no such f -Leibniz Lip-norm exists we set dists;f ðA; BÞ ¼N). Note
that dists;f might not satisfy the triangle inequality without further hypotheses on f ;
but that will not be of consequence for our application here, and we can still speak of
Cauchy sequences with respect to dists;f in the obvious sense. It can be seen that the
estimates in Example 3.13 for complete distance also apply to f -Leibniz complete
distance for suitable f (although f may depend on the matrix algebra), and if N is
a bridge between two Leibniz Lip-normed C-algebras of the form that appears
in Proposition 3.8 then the resulting Lip-norm on the direct sum is Leibniz
(see Section 6 for examples of the use of bridges like those in Proposition 3.8).
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I would like to thank Narutaka Ozawa for suggesting the idea behind the proof of
the following lemma. Given a sequence fAkgkAN of C-algebras we denote by
Q
Ak
the C-algebra of bounded sequences with the supremum norm and by "Ak the
C-subalgebra of sequences converging to zero.
Lemma 5.1. Let fAkgkAN be a sequence of unital C-algebras and X a separable
operator subsystem of
Q
Ak="Ak; and let nAN: Suppose that, for each zAMn#X ; at
















   ¼ jjzjj:
Then for every jAUCPnðXÞ there are jkAUCPnðAkÞ for kAN such that for all
ðxkÞk þ"AkAX we have
jððxkÞk þ"AkÞ ¼ lim
k-N
jkðxkÞ:
Proof. First we consider an arbitrary ﬁnite-dimensional operator subsystem Y of X





Ak="Ak be the quotient map, there exists, by elementary
linear algebra, a unital linear map x/
a
aðxÞ ¼ ðaðxÞkÞk from X to
Q
Ak such that
p3a ¼ idX : We may assume that a is Hermitian for otherwise we can replace it with
its real part ðaþ aÞ=2: Since Y is ﬁnite-dimensional the unit ball of Mn#Y is
compact, and so by our assumption on lifts of elements of Mn#X we can ﬁnd a
sequence d1; d2;y of positive real numbers with limk-Ndk ¼ 0 such that, for allP
eij#xij in the unit ball of Mn#Y and kAN;
X
eij#xij
   dko X eij#aðxijÞk  o X eij#xij  þ dk:
This implies in particular that for each sufﬁciently large kAN the map pk3a is
injective on Y ; where pk :
Q
Ak-Ak is the projection map. Let jAUCPnðYÞ: For
each sufﬁciently large kAN we can deﬁne the linear map ck : ðpk3aÞðYÞ-Mn by
ckðaÞ ¼ jððpk3aÞ1ðaÞÞ
for all aAðpk3aÞðYÞ: Then ck is unital and Hermitian, and jjidn#ckjjpð1 dkÞ1:
By Smith [14, Theorem 2.10] the completely bounded norm jjckjjcb is equal to
jjidn#ckjj and hence is at most ð1 dkÞ1: By the Wittstock extension theorem (see
[16]) there is an extension of ck to Ak with the same completely bounded norm. We
denote this extension also by ck: By the Wittstock decomposition theorem (see [16])
there exist completely positive maps cþk and c

k from Ak to Mn such that ck ¼
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cþk  ck and jjckjjcbXjjcþk þ ck jj: We then have
cþk ð1Þ ¼ ckð1Þ þ ck ð1Þ ¼ 1þ ck ð1ÞX1
and
jjcþk ð1Þjj ¼ jjcþk jjpjjcþk þ ck jjpjjckjjcbpð1 dkÞ1:
Also,
jjcþk  ckjj ¼ jjcþk ð1Þ  ckð1Þjj ¼ jjcþk ð1Þ  1jjpð1 dkÞ1  1:
Since cþk ð1Þ40 we can deﬁne the u.c.p. map jk : Ak-Mn by





for all aAAk: Then
jjck  jkjjp jjck  cþk jj þ jjcþk  jkjj
p ðð1 dkÞ1  1Þ þ jj1 cþk ð1Þ
1
2jj jjcþk jjð1þ jjcþk ð1Þ
1
2jjÞ
p ðð1 dkÞ1  1Þ þ 2ð1 ð1 dkÞ
1
2Þð1 dkÞ1;
and this last expression tends to zero as k-N: It follows that, for all ðxkÞk þ
"AkAY ;





Now suppose that X1CX2C? is an increasing sequence of ﬁnite-dimensional
operator subsystems of X with union dense in X : Let jAUCPnðXÞ: Then for each
jAN there exists by the ﬁrst paragraph u.c.p. maps jk on Ak for sufﬁciently large k
(and hence for all k) such that
jððxkÞk þ"AkÞ ¼ lim
k-N
jkðxkÞ
for all ðxkÞk þ"AkAXj: By applying a diagonal argument over jAN we can assume
that the equality in the above display holds for all ðxkÞk þ"AkA
S
jAN Xj: A
straightforward approximation argument then shows that this equality in fact holds
for all ðxkÞk þ"AkAX ; completing the proof. &
Lemma 5.2. Let ðZ; LZÞ be a Lip-normed operator system, X and Y operator systems,
F :Z-X and G : Z-Y u.c.p. maps with FðDðLZÞÞ and GðDðLZÞÞ dense in Xsa and
Ysa; respectively, and LX and LY the quotient Lip-norms induced via F and G;
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respectively. Then




H ðUCPnðX Þ; UCPnðY ÞÞ;
with UCPnðX Þ and UCPnðYÞ considered as subsets of UCPnðZÞ:
Proof. Set r ¼ supnAN dist
rLZ ;n
H ðUCPnðX Þ; UCPnðY ÞÞ (as can be seen from the proof
of Proposition 2.9, this supremum is bounded by diamðZ; LZÞ). As in [10, Example
5.6] for any g40 we can construct a bridge between two copies of ðZ; LZÞ by setting
Nðz; z0Þ ¼ g1jjz  z0jj: Let M be the Lip-norm
Mðz; z0Þ ¼ maxðLZðzÞ; LZðz0Þ; Nðz; z0ÞÞ
on DðLZÞ"DðLZÞ and L the quotient Lip-norm induced by M via the u.c.p. map
ðz; z0Þ/ðFðzÞ;Gðz0ÞÞ: Then LAMðLX ; LY Þ: Denote the projections of Z"Z onto
the ﬁrst and second direct summand by p1 and p2; respectively.
Now suppose jAUCPnðX Þ: Then by assumption for some cAUCPnðYÞ we have
rLZ ;nðj3F;c3GÞpr: Also, if ðz; z0ÞAD1ðMÞ then jjz  z0jjpg so that jjðc3GÞðzÞ 
ðc3GÞðz0Þjjpg and hence rM;nðc3G3p1;c3G3p2Þpg (where to avoid confusion we
have included the compositions with the projection maps p1 and p2; contrary to our
usual practice). Thus, since rL;n is the restriction of rM;n via the identiﬁcation arising
from the quotient map, we have by the triangle inequality
rL;nðj;cÞp rM;nðj3F;c3GÞ þ rM;nðc3G3p1;c3G3p2Þ
p r þ g:
Hence distsðX ; Y Þpr þ g; which yields the result since g was arbitrary. &
In the proof of the following theorem, we will abbreviate expressions of the form
dist
rL;n
H ðUCPnðX Þ; UCPnðY ÞÞ to rL;nðUCPnðXÞ; UCPnðYÞÞ to reduce the number of
subscripts, and whenever we have a quotient Lip-norm then we will identify the state
space of the quotient operator system with a subset of the state space of the original
operator system under the induced isometry (Proposition 2.13) as is our usual
practice in the case of projections onto direct summands.
Theorem 5.3. Let fðAk; LkÞg be a sequence in Ralg which is Cauchy with respect to
f -Leibniz complete distance for a given continuous f :R4þ-Rþ: Then fðAk; LkÞg
converges in Ralg with respect to complete distance.
Proof. To show that fðAk; LkÞg converges it sufﬁces to show the convergence of a
subsequence, and so we may assume that dists;f ðAk; Akþ1Þo2k for all kAN: Then
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there exist f -Leibniz Lip-norms Lk;kþ1AMðLk; Lkþ1Þ with
rLk;kþ1;nðUCPnðAkÞ; UCPnðAkþ1ÞÞo2k
for all n; kAN: Let Z be the set of sequences ðxkÞk with xkADðLkÞ such that, for
some l4L1ðx1Þ; xkþ1ANlLk;kþ1;Akþ1ðxkÞ for all kAN (see Deﬁnition 4.7). We will show
that Z is a subset of the direct product
Q







By Rieffel [10, Lemma 12.2] Jk is a Lip-norm. Denote by Qk the quotient Lip-norm
on DðL1Þ"DðLkÞ induced by Jk via the projection map. Then
rQk ;1ðSðA1Þ; SðAkÞÞp21 þ 22 þ?þ 2ko1:
Suppose ðxkÞkAZ; and let l4L1ðx1Þ be such that xkþ1ANlLk;kþ1;Xkþ1ðxkÞ for all kAN:
Then, for each kAN; xk is an element of NlQk ;Akðx1Þ and hence by Lemma 4.8 has
norm bounded by jjx1jj þ 2lrQk ;1ðSðA1Þ; SðAkÞÞpjjx1jj þ 2l: Therefore ðxkÞk is a
bounded sequence and so belongs to
Q
Ak; as we wished to show.




(which is ﬁnite by the deﬁnition of Z). Theorem 12.9 of [10] then shows that LZ is a
Lip-norm on Z: Now since the elements of Z are bounded sequences ðxkÞk with
Lk;kþ1ðxk; xkþ1Þ uniformly bounded over k; it follows that by the f -Leibniz property
that if ðxkÞk; ðykÞkAZ then ReððxkykÞkÞ; ImððxkykÞkÞAZ whence ðxkykÞkAZ þ iZ:
Thus Z þ iZ is closed under multiplication, and so the operator system B obtained
by taking the closure of Z þ iZ in QAk must in fact be a C-algebra.
Let A be the C-subalgebra of
Q
Ak="Ak which is the image of B under the




Ak="Ak; and let L be the quotient Lip-norm on A
induced by LZ: Then ðA; LÞ is a Lip-normed unital C-algebra. Our goal now is to
show that fðAk; LkÞg converges to ðA; LÞ with respect to complete distance. By
Lemma 5.2 it sufﬁces to show that, for all nAN; UCPnðAÞ coincides with the
Hausdorff limit HnCUCPnðBÞ of fUCPnðAkÞgkAN; which exists due to the
completeness, in the Hausdorff metric, of the set of closed subspaces of the compact
set UCPnðBÞ: Note that for each k0AN the image of Z under the projection onto
DðLk0 Þ is surjective (any element of DðLk0 Þ can be recursively extended to a sequence
in ZC
Q
Ak using the fact that Lk and Lkþ1 are quotients of Lk;kþ1 for every kAN)
so that we may indeed view each UCPnðAkÞ as subset of UCPnðBÞ: Note also that the
convergence of fUCPnðAkÞgkAN to Hn is uniform over n because the Cauchy
condition is uniform over n by assumption.
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If fjkgkAN is a sequence such that jkAUCPnðAkÞ and fjk3pkgkAN is point-norm
convergent (necessarily to an element of Hn), then setting
jððxkÞk þ"AkÞ ¼ lim
k-N
jkðxkÞ





AkÞÞ=ðMn#ð"AkÞÞ and the fact that
positive elements in quotients lift to positive elements. We thus see that
HnCUCPnðAÞ:
It remains to show that Hn*UCPnðAÞ: With a view to applying Lemma 5.1, we
will show that every xAMn#A has a lift ðxkÞkAMn#
Q
Ak satisfying
limk-Njjxkjj ¼ jjxjj: Note ﬁrst that if ðzkÞkAMn#Z then for some l not depending
on j we have j jjzjjj  jjzjþ1jj jp2jþ1n4l by Lemma 4.8(ii) (since each zj is self-
adjoint), so that fjjzkjjgkAN is a Cauchy sequence and hence jjpððzkÞkÞjj ¼
limk-Njjzkjj: Now suppose xAMn#A and let ðxkÞk be a lift of x to Mn#B: Then
ðxkxkÞkAMn#B; and so there exists a ðykÞkAMn#Z such that jjxkxk  ykjjoe for
all kAN; and from above we have jjpððykÞkÞjj ¼ limk-Njjykjj: Let e40; and choose
k0AN such that, for all j; kXk0; j jjyjjj  jjykjj joE: Then, for all j; kXk0;
j jjxjjj2  jjxkjj2j ¼ j jjxj xjjj  jjxkxkjj j
p j jjxj xjjj  jjyj jj j þ j jjyjjj  jjykjj j þ j jjykjj  jjxkxkjj j
o 3e:
It follows that fjjxkjj2gkAN is a Cauchy sequence and hence converges. Thus
limk-Njjxkjj exists, and it must equal jjxjj: We can therefore apply Lemma 5.1,
so that given jAUCPnðAÞ there exist jkAUCPnðAkÞ for kAN such that for all
ðxkÞk þ"AkAA we have
jððxkÞk þ"AkÞ ¼ lim
k-N
jkðxkÞ;
whence Hn*UCPnðAÞ: Thus Hn and UCPnðAÞ coincide, completing the proof. &
Using the arguments of this section we might hope to show that the metric space
ðR; distsÞ is complete. However, without the sharp control on the norms of nonself-
adjoint elements that the f -Leibniz property provides in Theorem 5.3, we would not
be able to apply Lemma 5.1.
6. Total boundedness
We will establish a version of Theorem 13.5 in [10] (‘‘the quantum Gromov
compactness theorem’’) for complete distance using approximation by Lip-normed
operator subsystems of matrix algebras. As before ðR; distsÞ is the metric space of
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equivalence classes of Lip-normed operator systems with respect to bi-Lip-isometric
unital complete order isomorphism.
Notation 6.1. For a Lip-normed operator system ðX ; LÞ and e40 we denote by
AfnLðeÞ the smallest integer k such that there is a Lip-normed operator system ðY ; LY Þ
with Y an operator subsystem of the matrix algebra Mk and distsðX ; YÞpe: If no such
integer k exists we write AfnLðeÞ ¼N: We denote by Rfa the subset of R consisting of
Lip-normed operator systems ðX ; LÞ for which AfnLðeÞ is ﬁnite for all e40:
We remark that every Lip-normed nuclear operator system and Lip-normed unital
exact C-algebra is contained in Rfa by Propositions 3.10 and 3.11, respectively.
Note also that Rfa is a closed subset of R under the complete distance topology.
Lemma 6.2. Let X be a finite-dimensional operator system and CX0: Then the set
C ¼ fðX ; LÞAR : diamðX ; LÞpCg is totally bounded.
Proof. Proposition 13.13 and the proof of Proposition 13.14 in [10] show that, given
e40; there is a ﬁnite subsetSCC such that for every ðX ; LÞAC there is a ðX ; L0ÞAS
and a bridge N between ðX ; LÞ and ðX ; L0Þ of the form Nðx; yÞ ¼ e1jjx  yjj: Let M
be the Lip-norm in MðL; L0Þ given by
Mðx; yÞ ¼ maxðLðxÞ; L0ðyÞ; Nðx; yÞÞ:
Now if fAUCPnðX Þ and ðx; yÞAD1ðMÞ then jjx  yjjpe so that jjfðxÞ  fðyÞjjpe;
and so by Proposition 2.10 we have rM;nðf3p1;f3p2Þpe; where p1 and p2 are the
projections of X"X onto the ﬁrst and second direct summands, respectively. Hence
distsððX ; LÞ; ðX ; L0ÞÞpe; from which we conclude that C is totally bounded. &
Theorem 6.3. Let C be a subset of Rfa: Then C is totally bounded if and only if
(i) there is an M40 such that the diameter of every element of C is bounded by M;
and
(ii) there is a function F : ð0;NÞ-ð0;NÞ with AfnLðeÞpFðeÞ for all ðX ; LÞAC:
Proof. For the ‘‘only if’’ direction, suppose that C is a totally bounded subset of Rfa:
If there did not exist an M40 bounding the complete diameter of every element of
C; then we could ﬁnd a sequence fðXk; LkÞgkAN such that diamðXkþ1; Lkþ1ÞX
diamðXk; LkÞ þ 1 for every kAN; in which case distsðXk; Xk0 ÞX1 for any distinct
k; k0AN; contradicting total boundedness. To verify condition (ii), we can ﬁnd a
ﬁnite ðe=2Þ-dense subset G of C and set
GðeÞ ¼ maxfAfnLðe=2Þ : ðX ; LÞAGg:
Then by the triangle inequality AfnLðeÞpGðeÞ for any ðX ; LÞAC:
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To prove the converse, suppose that conditions (i) and (ii) hold. By (ii) we see
that it is sufﬁcient to prove, for kXjX1 and M40; the total boundedness of the
collection of Lip-normed operator systems ðX ; LÞ where X is an operator subsystem
of the matrix algebra Mk with Xsa of real linear dimension j (in which case we will
say that X has Hermitian dimension j) and diamðX ; LÞpM: Since the closed unit ball
of the self-adjoint part of Mk is compact, the set of closed unit balls of the self-
adjoint parts of operator subsystems of Mk of Hermitian dimension j is totally
bounded in the Hausdorff metric. Also, by Lemma 6.2, for every M40 and operator
subsystem X of Mk of Hermitian dimension j the set of Lip-normed operator
systems ðX ; LÞ with diamðX ; LÞpM is totally bounded. Thus we need only show
that, for every e40 and M40; if X and Y are operator subsystems of Mk of
Hermitian dimension j the closed unit balls of the self-adjoint parts of which are
within Hausdorff distance ð4kÞ1eminðM1; 1Þ; and LX is a Lip-norm on X with
diamðX ; LX ÞpM; then there is a Lip-norm LY on Y with distsððY ; LY Þ; ðX ; LX ÞÞpe
and diamðY ; LY ÞpM þ e: So let X and Y be such operator systems and LX such
a Lip-norm on X for given e40 and M40: We may assume that eo1=2: Set
d ¼ ð4kÞ1eminðM1; 1Þ: By Blackadar and Kirchberg [1, Lemma 3.2.3] there is a
(real linear) projection P from ðMkÞsa onto Ysa of norm pk: The restriction Q of
P to Xsa is a bijection, for if xAXsa with jjxjj ¼ 1 then we can ﬁnd a yAYsa with
jjy  xjjodpe=k so that
jjQðxÞjjXjjyjj  jjQðx  yÞjjX1 e41
2
;
yielding injectivity and hence also bijectivity since Xsa and Ysa are of equal ﬁnite
dimension. The above display also shows that the norm of Q1 is bounded by 2: We
next deﬁne a semi-norm LX on Q
1ðY Þ by LX ðxÞ ¼ LY ðQðxÞÞ (note that DðLY Þ is
equal to Ysa by ﬁnite-dimensionality). Since the restriction of Q to X is bijective and
LY is a Lip-norm we must have LX ðxÞ ¼ 0 if and only if xAR1: Thus LX is a Lip-
norm in view of the ﬁnite-dimensionality of Xsa; and ðX ; LX Þ is a Lip-normed
operator system sinceDðLX Þ ¼ Xsa andD1ðLX Þ is closed in Xsa by the bijectivity and
continuity, respectively, of Q:
On DðLX Þ"DðLY Þ we deﬁne the semi-norm N by Nðx; yÞ ¼ e1jjx  yjj: We will
argue that N is a bridge. For this it sufﬁces to show that, for all xADðLX Þ;
Nðx; QðxÞÞpLY ðQðxÞÞ;
for then in condition (ii) of Deﬁnition 3.5 given xADðLX Þ we can take QðxÞ; and
given yADðLY Þ we can take Q1ðyÞ: So let xADðLX Þ: Then we can ﬁnd a yAYsa such
that jjx  yjjpdjjxjj; so that
jjx  QðxÞjjpjjx  yjj þ jjQðx  yÞjjpð1þ kÞjjx  yjjp2kdjjxjjp4kdjjQðxÞjj:
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Applying this estimate with x replaced by x  l1 where l is the inﬁmum of the
spectrum of QðxÞ; we have
jjx  QðxÞjj ¼ jjx  l1 Qðx  l1Þjjp 4kdjjQðx  l1Þjj
¼ 4kdjjQðxÞ  l1jj
p 4kMdLY ðQðxÞ  l1Þ
¼ 4kMdLY ðQðxÞÞ
p eLY ðQðxÞÞ
with Proposition 2.11 yielding the second inequality in the string. We thus conclude
that N is a bridge. Let L be the Lip-norm in MðLX ; LY Þ given by
Lðx; yÞ ¼ maxðLX ðxÞ; LY ðyÞ; Nðx; yÞÞ:
It remains to show that dist
rL;n
H ðUCPnðX Þ; UCPnðYÞÞpe for all nAN; for
then distsðX ; Y Þpe and hence also diamðX ; LX ÞpdiamðY ; LY Þ þ epM þ e: Let
jAUCPnðXÞ: By Arveson’s extension theorem we can extend j to a u.c.p. map
j0 :Mk-Mn: We then have
rL;nðj;j0jY Þ ¼ supfjj0ðxÞ  j0ðyÞj : ðx; yÞAD1ðLÞg
p supfjj0ðxÞ  j0ðyÞj : ðx; yÞAX"Y and jjx  yjjpeg
p e:
Similarly, if jAUCPnðYÞ then extending it by Arveson’s theorem to a u.c.p. map
j0 :Mk-Mn we have rL;nðj;j0jY Þpe: Thus dist
rL;n
H ðUCPnðXÞ; UCPnðYÞÞpe; as
desired. &
An immediate consequence of Theorem 6.3 is the separability of Rfa:
Corollary 6.4. The metric space Rfa is separable.
Question 6.5. Given n41 and M40; is the set of all n-dimensional Lip-normed
operator systems of diameter at most M totally bounded and/or separable?
We may think of log AfnLðeÞ as an analogue of Kolmogorov e-entropy. From the
computational viewpoint, however, the value of this quantity seems to be limited by
the apparent difﬁculty in establishing lower bounds. Using local approximation we
will next deﬁne a quantity RcpLðeÞ which is more amenable to obtaining estimates
than AfnLðeÞ and provides a ready means for obtaining upper bounds for AfnLðeÞ
(see Proposition 6.7) with a view to the application of Theorem 6.3, as we will
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illustrate in the case of noncommutative tori in Example 6.8. It can also be shown
(by suitably adjusting the proof of [5, Proposition 3.9] for instance) that by taking
lim supe-0þ log RcpLðeÞ=logðe1Þ we obtain a generalization of the Kolmogorov
dimension of a compact metric space, whose utility depends on our ability to
estimate log RcpLðeÞ from below. We will not be concerned here with obtaining lower
bounds for log RcpLðeÞ; but we point out that this can often be done by using the
Hilbert space geometry implicit in the given operator system or C-algebra as in [5].
For a Lip-normed nuclear operator system ðX ; LÞ and e40 we denote by CPALðeÞ
the collection of triples ða; b; BÞ where B is a ﬁnite-dimensional C-algebra and
a : X-B and b : B-X are u.c.p. maps with jjðb3aÞðxÞ  xjjoe for all xAD1ðLÞ: This
collection is nonempty by Proposition 2.11. Conversely, if ðX ; LÞ is any Lip-normed
operator system ðX ; LÞ and CPALðeÞ is nonempty for each e40; then X is nuclear
owing to the density of DðLÞ in Xsa:
Deﬁnition 6.6. Let ðX ; LÞ be a Lip-normed nuclear operator system. For e40 we set
RcpLðeÞ ¼ inffrankðBÞ : ða; b; BÞACPALðeÞg
where rank refers to the cardinality of a maximal set of pairwise orthogonal minimal
projections.
Proposition 6.7. If ðX ; LÞ is a Lip-normed nuclear operator system and e40 then
RcpLðeÞXAfnLðeÞ:
Proof. Let e40: Then there is a triple ða; b; BÞACPALðeÞ with rankðBÞ ¼ RcpLðeÞ:
Set Y ¼ aðX Þ; and let LY be the Lip-norm on Y induced by L via a: Then
distsðX ; YÞpe by Proposition 3.9, and since B unitally embeds into a matrix algebra
of the same rank we obtain AfnLðeÞpRcpLðeÞ: &
Example 6.8 (Noncommutative tori). Let r : Zd 
 Zd-T be an antisymmetric
bicharacter and for 1pi; jpk set
rij ¼ rðei; ejÞ
with fe1;y; edg the standard basis for Zd : We call the universal C-algebra Ar
generated by unitaries u1;y; ud satisfying
ujui ¼ rijuiuj
a noncommutative d-torus. Given a noncommutative d-torus Ar with generators
u1;y; ud there is an ergodic action g :TdDðR=ZÞd-AutðArÞ determined on the
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generators by
gðt1;y;td ÞðujÞ ¼ e2pitj uj
(see [6]). Let c be a length function on Td (for instance, we could take the distance
to 0 with respect to the metric induced from the Euclidean metric on Rd ). By
Example 2.6 we then obtain a Lip-norm L arising from the action g and length




gðt1;y;td ÞðaÞ dðt1;y; tdÞ
for all aAAr; where dðt1;y; tdÞ is normalized Haar measure.
Let Aðd; cÞ be the subset of R consisting of all noncommutative d-tori Lip-
normed as above with respect to the length function c: This is in fact a subset of Rfa
by Proposition 3.10, since noncommutative tori are nuclear. We will show using
Theorem 6.3 that Aðd; cÞ is totally bounded.
For ðn1;y; ndÞANd we denote by Rðn1;y; ndÞ the set of points ðk1;y; kdÞ in Zd





tðaukdd ?uk11 Þuk11 ?ukdd
and for each nAN the Cesa`ro mean























jja  grkðtÞðaÞjjKnðtÞ dt
where rkðtÞ denotes the d-tuple which is t at the kth coordinate and 0 elsewhere, and
dt is normalized Haar measure (see for example the proof of [17, Theorem 22]). It
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We thus have an estimate on the rate of convergence of the Cesa`ro means of
elements on D1ðLÞ which does not depend on r:
Now by Rieffel [10, Lemma 9.4] there is a constant M40 such that
diamðAr; LÞpM for all ðAr; LÞAAðd; cÞ: Hence to obtain the total boundedness
ofAðd; cÞ we need only check condition (ii) in Theorem 6.3. Let e40: If B is a ﬁnite-
dimensional C-algebra and a : Ar-B and b : B-Ar are u.c.p. maps with
jjðb3aÞðxÞ  xjjoe for all xAD1ðLÞ-BArM ; then it is readily seen that Proposition
2.11 implies that the triple ða;b; BÞ lies in CPALðeÞ: From the previous paragraph
there is an nAN which does not depend on r such that each element of D1ðLÞ-BArM
is within e of its nth Cesa`ro mean, which is a linear combination of elements in
fuk11 ?ukdd : jkijpng with coefﬁcients bounded in modulus by M (since the operation
of taking a Cesa`ro mean decreases the moduli of Fourier coefﬁcients, which are
bounded by the norm of the given element). Thus in view of Proposition 6.7 it
sufﬁces to show the existence of a ﬁnite-dimensional C-algebra B and u.c.p. maps
a : Ar-B and b : B-Ar such that jjðb3aÞðxÞ  xjjoe for all xAfuk11 ?ukdd : jkijpng
with the rank of B not depending on r; and this is a consequence of [15, Lemma 5.1].
Hanfeng Li has informed me that he can show that the map from the space of
antisymmetric bicharacters on Zd toAðd; cÞ determined by r/Ar is continuous (as
Rieffel showed for quantum Gromov–Hausdorff distance in [10, Theorem 9.2]). In
fact, given any ﬁeld of strongly continuous ergodic actions of a compact group on a
continuous ﬁeld of unital C-algebras over a compact metric space X ; at any point of
X the continuity of complete distance is equivalent to the local constancy
(or, equivalently, the lower semicontinuity) of the function on X which records
the multiplicity of the action in the ﬁbre algebras. This is a result of the fact that Li
(unpublished notes) has worked out a general version of Rieffel’s result on coadjoint
orbits as described in Example 3.13.
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